We show that if a 3-dimensional polytopal complex has a knot in its 1-skeleton, where the bridge index of the knot is larger than the number of edges of the knot then the complex is not constructible, and hence, not shellable. As an application we settle a conjecture of Hetyei concerning the shellability of cubical barycentric subdivisions of 3-spheres.
Introduction
In the history of the study of shellability, many examples of non-shellable triangulations of balls and spheres have been constructed. A review can be found in the paper by Ziegler 21] . There are two other important properties that a simplicial complex can satisfy, namely constructibility and vertex decomposability. These properties satisfy the following hierarchy.
vertex decomposable =) shellable =) constructible.
By considering the contrapositive implications, that is, not vertex decomposable (= non-shellable (= non-constructible.
we have that non-shellability is implied by non-constructibility.
Among the examples of non-shellable triangulations, Furch's 3-ball 6] (also shown in Bing's article 2]) and Lickorish's 3-sphere 12] involve a special knot embedded as a 1-dimensional complex of small size. Both of these examples are treated in the paper of Hachimori and Ziegler 8] and were extended to the following theorem. Shellability and constructibility naturally extend to polytopal complexes, whereas vertex decomposability only applies to simplicial complexes. We note that the proof of the parts of Theorem 1.1 involving shellable and constructible triangulated manifolds is valid for polytopal complexes and the result naturally extends to polytopal decompositions.
In this paper we extend the Hachimori-Ziegler result for knots of larger size. In Theorem 4.2 we show that if the bridge index of a knot is larger than the number of edges of the knot then the complex is not constructible. A similar bound holds for concluding that a simplicial complex is not vertex decomposable.
The present work was inspired by the results of Armentrout 1] . He considered simple cell partitionings that contain a knot through its 2-and 3-cells. If the knot has a bridge index larger than the number of spanning arcs it is partitioned into by the cell partitioning then he proved that the cell partitioning is not shellable 1, Theorem 3]. Thus one can view Theorem 4.2 as the dual to Armentrout's Theorem 3. Moreover, in Section 5 we extend his result to prove non-constructibility for general polytopal complexes that contain a weakly compatible knot in its 2-and 3-dimensional faces.
Our proofs rely on extending the bridge index knot invariant to tangles. A tangle is a disjoint collection of paths and knots inside a 3-ball such that the endpoints of the paths are on the boundary of the 3-ball. The bridge index of a knot can be de ned using the notion of bridge positions, and we de ne the bridge index for tangles in the same manner as that for knots. The essential property of the bridge index of tangles is Proposition 3.2 which states that the bridge index is subadditive. This should be compared with the fact that the bridge index for knots is additive under knot addition; see 17].
Our theorem has several applications. One is the existence of triangulations of the 3-sphere and the 3-ball whose n-fold barycentric subdivision is not constructible for a given non-negative integer n.
Another important application is a conjecture by Hetyei. He conjectured the existence of triangulated 3-spheres whose cubical barycentric subdivisions are non-shellable 9, 10], and our result solves this conjecture a rmatively. These theorems and applications are presented in Sections 4 through 6.
Preliminaries
In this section we give the basic de nitions relating to polytopal complexes, constructibility and vertex decomposability. For other basic material on polytopal complexes, we recommend the book by Ziegler 20] .
A d-dimensional polytopal complex C is a nite set of (convex) polytopes such that (i) if P 2 C then all the faces of P are contained in C, and (ii) if P; Q 2 C then P \ Q is a face of both P and Q. In particular, the empty set ; is always contained in C. The The k-skeleton of a polytopal complex is the collection of all faces of dimension k or less. In particular, the 1-skeleton consists of all vertices and edges. The link of a face P in a polytopal complex C, link C (P), is the polytopal complex which is combinatorially equivalent to the face gure of P in C, namely, a polytopal complex whose face poset is the same as everything above the face P in the face poset of C.
For a polytopal complex C, the union jCj of all the polytopes of C is the underlying space of C and C is called a polytopal decomposition of jCj. A polytopal (simplicial, cubical) manifold is a polytopal (simplicial, cubical, respectively) complex whose underlying space is homeomorphic to the manifold. This de nition of shellability is equivalent to the de nition used in the paper of Bruggesser and The de nition of vertex decomposability is due to Provan and Billera, who showed that vertex decomposability implies shellability 15].
Tangles and the bridge index
We now introduce knots, tangles and the bridge index and prove the subadditivity for the bridge index. For references on knot theory, we suggest the books by Lickorish 13] and Livingston 14] .
A knot is a simple closed arc contained in a 3-dimensional space. The 3-dimensional spaces we consider are 3-balls and 3-spheres. A link is the disjoint union of knots. A spanning arc is a simple arc contained in a 3-ball whose endpoints are on the boundary of the ball. A tangle is a set of mutually disjoint spanning arcs and knots in a 3-ball or 3-sphere. Observe that a tangle in a 3-sphere is necessarily a link, since the 3-sphere has no boundary where the spanning arcs can be attached. A semispanning disc D is a disc contained in a 3-ball C such that @D = , where is some spanning arc of C and is some simple arc contained in the boundary @C of C. A spanning arc is straight if there is a semispanning disc D such that @D. A set of spanning arcs are simultaneously straight if they are mutually disjoint and they have mutually disjoint semispanning discs.
In this paper, knots and tangles are considered to be piecewise linear. We treat some knots and tangles contained in a 3-dimensional space but, di erent from usual treatment, we allow that some parts of relative interior of the arcs to be on the boundary as was done in 8]. To make the equivalence relation precisely, we give here a de nition of tangle equivalence used in this paper. The bridge index is a knot invariant. We now extend this invariant to tangles. Our de nition is a generalization of the one given by Armentrout 1] . For a di erent view of this invariant, see Proposition 3.3 and the paragraph preceding it.
De nition 3.1 Let T be a tangle in a 3-ball C. The tangle T is in an m-bridge position if T is made of mutually disjoint m spanning arcs in C which are simultaneously straight, and some other simple arcs contained in the boundary of C. Every connected component is required to have at least one spanning arc, so a closed arc on the boundary or a simple arc which is realized by one arc on the boundary is prohibited. For a tangle T, we de ne the bridge index b(T) as the minimum positive integer m such that there is a tangle in an m-bridge position and is equivalent to T.
If a tangle T is in a 3-sphere C, (in this case, T is a link) then we take a 3-ball C 0 in C which contains T and de ne its bridge index with respect to C 0 .
If T is a tangle in an m-bridge position where m is the bridge index of the tangle T, then every connected component of the tangle is realized by alternating spanning arcs and arcs on the boundary.
The following proposition is the key to the theorems in the following sections. Proposition 3.2 Let C be a 3-ball (3-sphere) and C 1 and C 2 be 3-balls such that C = C 1 C 2 and that C 1 \ C 2 is a 2-ball (2-sphere). Let T be a tangle of C. Set T 1 to be the intersection T \ C 1 
Proof: Consider rst the case when C is a 3-sphere. It is possible to choose a 3-ball C 0 C such that T is contained in C 0 , C 0 i = C 0 \ C i is a 3-ball for i = 1; 2, the tangle T i is contained in C 0 i for i = 1; 2 and C 0 1 \ C 0 2 is a 2-ball in C 1 \ C 2 . Now when replacing C, C 1 , C 2 by C 0 , C 0 1 , C 0 2 the bridge indices of T, T 1 and T 2 do not change. Hence we can assume that C is a 3-ball.
We will construct a tangle which is equivalent to the tangle T and is in a (b(T 1 )+b(T 2 ))-bridge position. This will prove that b(T) = b( ) b(T 1 ) + b(T 2 ) which is the claim of the proposition.
The intersection T 1 \ T 2 is a set P of points fp 1 ; p 2 ; : : :; p t g in C 1 \ C 2 . Using some elementary deformations, we can assume that all the points of P are lying on the boundary of the disc C 1 \ C 2 .
Let i be a tangle which is in a b(T i )-bridge position in C i , i = 1; 2. Without loss of generality, we can assume that the endpoints in i are not lying in C 1 \ C 2 . Let p 0 ij be the endpoint of i corresponding to p j of T i . Then we connect p j and p 0 ij by an arc on the boundary of C i (i = 1; 2) such that = 1 2 fp 0 1j p j p 0 2j g is equivalent to T. That such connection is possible can be easily checked step by step according to the elementary deformations from T i to i . Now is a tangle in a (b(T 1 ) + b(T 2 ))-bridge position. Moreover is equivalent to T thus proving the desired inequality.
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We remark that the additional requirement in De nition 3.1 that every connected component must have at least one spanning arc is unavoidable in the proof of this proposition. Without it there may be cases that a spanning arc in i should be realized by one simple arc on the boundary but an arc p 0 ij p j should cross the arc, making the construction in the proof is impossible.
The bridge index for knots satis es b(K 1 #K 2 ) = b(K 1 ) + b(K 2 ) ? 1, where # denotes knot addition 13, 14, 17]. Hence for every positive integer n there is a knot with bridge index n. For instance, consider the (n ? 1)-fold knot sum K #(n?1) , where K is the trefoil knot which has bridge index 2.
The bridge index of a knot can be viewed as the minimum number of local maxima over all knot diagrams of the knot; see 14, Chapter 7.3]. The following proposition shows this is also the case for our de nition of the bridge index for tangles. A height function h on the closed 3-ball C is a continuous function from the ball C onto an interval a; b] such that the inverse image h ?1 (x) is a closed disc for x 2 (a; b) and h ?1 (a) and h ?1 (b) are both points. A point p on a tangle T is a local maximum if p is not an end point of the tangle T and there is a positive number " such that h(p) h(x) for all x 2 T with jx ? pj < ". Since this proposition is not needed for the later sections of the paper, we omit the proof. This equivalence is well-known for knots (in this case the number of paths is zero), and the proof for tangles is almost the same as that for knots.
Constructible complexes
In this section we show that tangles embedded in the 1-skeleton of a 3-dimensional constructible complex must contain at least the bridge index number of edges. For such a tangle T, let e(T) denote the number of edges that the tangle contains. Then the polytopal complex C is non-constructible.
We now present two applications of Theorem 4.2. For a simplicial complex C, we denote by (C) the barycentric subdivision of C. Proof: Choose a knot K with bridge index larger than or equal to 3 2 n +1. Let C be a triangulation of the 3-dimensional sphere that contains K on three edges. Such a triangulation can be constructed; see 6, 12, 21] . For the 3-dimensional ball, we only have to remove one facet from the 3-dimensional sphere having the desired knot. Observe that when taking the barycentric subdivision, each edge is divided into two edges. Hence the knot K contained in n (C) consists of 3 2 n edges. From Theorem 4.2, it follows now that the complex n (C) is non-constructible.
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Given a simplicial complex C, the cubical barycentric subdivision of the complex C is the abstract cubical complex 2(C) such that (i) the set of vertices of 2(C) is the set of non-empty faces of C, and (ii) a face of the cubical complex 2(C) is an interval of the face poset of C.
It is straightforward to see that the cubical barycentric subdivision 2(C) is a cubical complex and that 2(C) is a subdivision of the simplicial complex C. Hence the simplicial complex C and its cubical barycentric subdivision 2(C) have the same geometrical realization. Proof: Consider rst the case when d is equal to 3. Choose a knot K with bridge index larger than or equal to 7 and let C 3 be a simplicial complex that contains the knot K on three edges. Observe that the complex C 3 is non-constructible. By the same argument as in Proposition 4.3, the cubical complex 2(C 3 ) is non-constructible. Proposition 4.4 settles a conjecture of Hetyei 9, 10] . He conjectured the existence of a triangulation C of the d-dimensional sphere such that 2(C) is not shellable. For dimensions d greater than or equal to 4 this was settled by Readdy (unpublished). The second half of our proof is essentially her argument.
5 Weakly compatible tangles and constructible complexes Theorem 4.2 can be viewed as a dual result to Armentrout's Theorem 3 in 1]. In this section we generalize his result to hold for polytopal 3-balls and 3-spheres. Again our conclusion from the inequality is non-constructibility.
Let C be a 3-dimensional polytopal ball or sphere. A tangle T is weakly compatible with the complex C if T and the 2-skeleton of C are in relative general position and for all facets F of C the intersection F \ C is a set of simultaneously straight spanning arcs in the facet F. The tangle T is naturally partitioned by the complex C. Let p(T) denote the number of arcs in this partition. For such weakly compatible knots contained in C, we show the following analogue of Theorem 4.1. 
Vertex decomposable simplicial complexes
In this section we obtain results analogous to those of Section 4 for vertex decomposability. Theorem 6.1 Let C be a 3-dimensional simplicial ball or sphere which is vertex decomposable. Let T be a tangle contained in the 1-skeleton of the simplicial complex C. Then we have the inequality 2 b(T) e(T) + 2: Proof: The proof is by induction on C. The induction basis is when C is a 3-dimensional simplex. It is straightforward to see that T is either empty, a path, two paths or a cycle. In each case the desired inequality holds. This completes the induction step.
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We have the following result directly from Theorem 6.1.
Theorem 6.2 Let C be a 3-dimensional simplicial ball or sphere. Assume that the 1-skeleton of the complex C contains a knot K such that e(K) 2 b(K) ? 3:
Then the simplicial complex C is not vertex decomposable.
Concluding remarks
In discussions with Ziegler we conjecture the following strengthening of the results in Theorems 4.2 and 6.2.
Conjecture 7.1 Let C be a 3-dimensional polytopal ball or sphere and let K be a knot contained in the 1-skeleton of the complex C. If e(K) 2 b(K) ? 1; then the polytopal complex C is non-constructible. Similarly, if C is a simplicial complex and e(K) 3 b(K) ? 1; then C is not vertex decomposable.
The bounds in the above conjecture are sharp. Namely, by the same construction as Examples 8 and 15 of 8], we can easily produce examples of shellable simplicial 3-spheres (and 3-balls) which have a knot K consisting of 2 b(K) edges and vertex decomposable simplicial 3-spheres (and 3-balls) which have a knot K 0 consisting of 3 b(K 0 ) edges. The case of the trefoil knot, which has bridge index 2, made of 3 edges is shown to be non-constructible and the case of 5 edges is shown to be non-vertex-decomposable by Theorem 1.1, but these facts do not follow from our Theorems 4.2 and 6.2.
In Proposition 4.3 it is shown that there are triangulated 3-spheres or 3-balls whose n-fold barycentric subdivisions are not constructible for any given n. Such a result for shellability was already known as a consequence of Lickorish's theorem 12]. On the other hand, the barycentric subdivision of a constructible complex is always constructible and the same is true for shellability. This leads one to conjecture that for a given 3-sphere or a 3-ball C there is a non-negative integer n C such that n C -fold barycentric subdivision is constructible. For dimensions greater than or equal to 5, non-PL spheres are counterexamples to this problem (because constructible spheres are PL), but for the cases of dimensions 3 and 4, and that of PL spheres, the problem is open. 
